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Abstract 

We determine the corepresentation theory of the universal cosovereign Hopf alge¬ 
bras, for generic matrices over an algebraically closed field of characteristic zero. Our 
results generalize Banica’s previous results in the compact case. As an application, we 
easily get the representation theory of the quantum automorphism group of a matrix 
algebra endowed with a non-necessarily tracial measure. 


1 Introduction 

The universal cosovereign Hopf algebras are natural free analogues of the general linear 
groups in quantum group theory. In this paper we determine their corepresentation theory 
in the generic case. 

Let k be commutative field and let F G GL{n,k). The algebra H{F) is de fin ed to 
be the universal algebra with generators relations: 

U% = W = In ; vF^uF~^ = F^uF~^V = In, 

where u = (uij), v = (vij) and In is the identity n x n matrix. It turns out Q that 
II{F) is a Hopf algebra with comultiplication de fin ed by A(ujj) = ®'^kj and 

®Vkj, with counit defined by £{uij) = £{vij) = 6ij and with antipode 
de fin ed by S{u) = and S{v) = F*uF~^. Furthermore II{F) is a cosovereign Hopf 
algebra |^]: there exists an algebra morphism <I> : II{F) —> k such that 5^ = <I> * id * 

The Hopf algebras II{F) have the following universal property (|p, Theorem 3.2). 

Let A be Hopf algebra and let V be Unite dimensional A-comodule isomorphic with its 
bidual comodule V**. Then there exists a matrix F £ GL{n, k) (n = diml/j such that V 
is an H{F)-comodule and such that there exists a Hopf algebra morphism vr : H{F) —> A 
such that {Iv (8) vr) o/3y = ay, where ay ■ V —> V ® A and (ly : V —> V 0 H{F) denote 
the coactions of A and H{F) on V respectively. In particular every finite type cosovereign 
Hopf algebra is a homomorphic quotient of a Hopf algebra H{F). 

In view of this universal property it is natural to say that the Hopf algebras H{F) are 
the universal cosovereign Hopf algebras, or the free cosovereign Hopf algebras, and to see 
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these Hopf algebras as natural analogues of the general linear groups in quantum group 
theory. It also seems to be important to describe their corepresentation theory. 

If fc = C and if F is a positive matrix, the Hopf algebras H{F) are nothing but the 
CQG algebras associated to the universal compact quantum groups introduced by Van 
Daele and Wang |j^. In this case the corepresentation theory has been worked out by 
Banica Q: the simple corepresentations correspond to the elements of the free product 
N * N, and the fusion rules are described by an ingenious formula involving a new product 
O on the free algebra on two generators. We generalize Banica’s results to the case of 
the case of an arbitrary generic matrix, over any algebraically closed field of characteristic 
zero. 

In order to state our main result, we need to introduce some notation and terminology. 

• Let F G GL{n, k). We say that F is normalized if tr(F) = tr(F“^). We say that F is nor¬ 
malizable if there exists X £ k* such that tr(AF) = tr((AF)“^). Over an algebraically closed 
field, any matrix is normalizable unless tr(F) = 0 ^ tr(F“^) or tr(F) ^ 0 = tr(F“^). We 
will only essentially consider normalized matrices F or equivalently normalizable matrices, 
since H{XF) = H{F). 

• Let q in k*. As usual, we say that q is generic if q is not a root of unity of order N > 3. 
We say that a matrix F £ GL{n, k) is generic if F is normalized and if the solutions of 
q^ — ti{F)q +1 = 0 are generic. 

• Let q in k*. We put Fq = ^ GL{2,k). The Hopf algebra H{Fq) is denoted 

by H{q). 

• Let F £ GL{n,k). The natural n-dimensional Lf(F)-comodules associated to the multi¬ 
plicative matrices u = (uij) and v = (vij) are denoted by U and V, with V = U*. 

• We will consider the coproduct monoid N * N. Equivalently N * N is the free monoid on 
two generators, which we denote, as in HI, by a and (3. There is a unique antimultiplicative 
morphism “ : N * N —*• N * N such that e = e, a = (3 and (3 = a {e denotes the unit 
element of N * N). 

We can now state our main result. Here k denotes an algebraically closed field. 
Theorem 1.1 Let F £ GL{n,k) (n >2) be a normalized matrix. 

a) Let q £ k* be such that q^ — iv{F)q + 1=0. The comodule categories over H{F) and 
H{q) are monoidally equivalent. 

We assume now that k is a characteristic zero field. 

b) The Hopf algebra H{F) is cosemisimple if and only if F is a generic matrix. 

c) Assume that F is generic. To any element x G N * N corresponds a simple H{F)- 
comodule Ux, with Ue = k, Lfa = U and Up = V. Any simple H{F)-comodule is isomorphic 
with one of the Ux, and Ux — Uy if and only if x = y. For x, y G N * N, we have Uf = Ux 
and 

Ux ®Uy = Uab ■ 

{a,h^g£N^'N\x=ag ^y=gb} 

It is clear from the statement that the proof of Theorem 1.1 is divided into two parts. 
The first part reduces the corepresentation theory of H{F) to the one of H{q). Then 


2 


we realize H{q) as a Hopf subalgebra of the free product k[z,z~^] * 0{SLq{2)), and we 
conclude using the classification of simple comodules of a free product of cosemisimple 
Hopf algebras |n|, and Banica’s product © on the free algebra on two generators. 


Another interesting class of universal Hopf algebras was constructed by Wang ||T^ in 
the compact quantum group framework: these are the quantum automorphism groups of 
finite-dimensional (measured) C^-algebras. The corepresentation theory, similar to the 
one of 50(3), was described by Banica |^, for O^-algebras endowed with (good) tracial 
measures. A special case of a general construction of ||5| yields algebraic analogues of 
Wang’s quantum automorphism groups. Using the previous results concerning H{F), it is 
not difficult to describe the representation theory of the quantum automorphism group of a 
matrix algebra endowed with a non-necessarily tracial measure, reducing the computations 
to the case of the quantum group 50^(3). 


This paper is organized as follows. In Section 2 we use the Hopf-Galois systems tech¬ 
niques of Ip to show that for a normalized matrix F, there exists q £ k* such that the 
comodule categories over H{F) and H{q) are monoidally equivalent. This section also 
includes results for non-normalizable matrices. In Section 3 we construct an injective al¬ 
gebra morphism of H{q) into the free product algebra k[z,z~^] * 0{SLq{2)). In Section 
4 we show that H[q) is cosemisimple if and only if q is generic, and Section 5 contains 
the classification of the simple i7(g)-comodules and their fusion rules in the generic case. 
Section 6 is devoted to some applications of Theorem 1.1 to structural properties of the 
Hopf algebras H{F). Finally in Section 7 we use our previous results to describe the repre¬ 
sentation category of the quantum automorphism group of a matrix algebra endowed with 
a non-necessarily tracial measure. 


2 Reduction to the two-dimensional case 

This section is essentially devoted to prove part a) of Theorem 1.1. In fact we consider a 
more general situation and get results for non-normalizable matrices. We will use Hopf- 
Galois systems techniques Q. We will not repeat here the definition a Hopf-Galois system, 
for which we refer to 

Let E £ GL{m,k) and let F £ GL{n,k). Recall |p that the algebra H{E,F) is the 
universal algebra with generators Uij, %•, 1 < i < m, 1 < j < n, and satisfying the relations 

= Im = vF*uE~^ ; %U = In = F^uE~^v. 

When E = F, we have H{F,F) = H{F). In fact the Hopf algebra structure of H{F) is 
just a particular case of the fact that if H[E, F) is a non-zero algebra, then {H{E), H{F), 
H{E,F),H{F,E)) is a Hopf-Galois system (see Proposition 4.3 in |p). Gombining Propo¬ 
sition 4.3 and Gorollary 1.4 in [P, we have the following result. 

Proposition 2.1 Assume that H{E,F) is a non-zero algebra. Then the comodule cate¬ 
gories over H(E) and H{E) are monoidally equivalent. □ 
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So we have to study the algebras H{E,F). It is not difficult to see that if H{E,F) ^ 
{0}, then tr(£') = tr(F) and tr(£'“^) = tr(F“^). The converse assertion will essentially 
follow from the next result, where some technical conditions are required. 

Proposition 2.2 Let E G GL{m,k) and let F G GL(n,k) (m,n >2). Assume that 
E is a diagonal matrix, that F is a lower-triangular matrix, that tr{E) = tr{F) and 
tr{E~^) = ti{F~^). Then the elements (uij), 1 < i < m, 1 < j < n, generate a free 
subalgebra on mn generators. In particular H{E,F) is a non zero-algebra. 

As in 10], we will use the diamond lemma [0|. Let us write down explicitly a presentation 
of H{E, F): H{E, F) is the universal algebra with generators uij, Vij,l < i < m,l < j < n, 
and relations: 

n—1 

UinVjn — ^ij ^ ^ '^ik'^jk ) I Li: L j — "kn 
k=l 

n 

ViiUji = F{.^{Eij - ^ FkiVikUji) , 1 <i,j <m 

k=2,l=l 
m 

V\iU\j — 6ij ^ ^ Vki^kj ) I L L j L "kl 
k=2 

m—1 

^ ^ ^kk '^ki^kj') ; I L L j L kl 
k=l 

We have a nice presentation to use the diamond lemma Q, of which we freely use the 
techniques and definitions. We only need the simplified exposition of 0- We order 
the set of monomials in the following way. We order the set {!,...,m} x {!,...,n} 
lexicographically. Then we order the set {uij} with the order induced by the preceding 
order, and we order the set {%■} with the inverse order. We order the set X = {uij,Vki} in 
such a way that vn < un. Finally two monomials are ordered according to their length, 
and two monomials of equal length are ordered lexicographically according to the order on 
the set X. It is clear that the order just dehned is compatible with the above presentation. 

Lemma 2.3 There are exactly two inclusion ambiguities: (unun,unun) and {umnVmn, 
UmnVmn)- There are exactly the following overlap ambiguities. 

{Uinkln: klnkl-lj}, j ); I Li L kn, I L j L kl. 

{viiUin,UinVjn), {Um.iVral, V^lUjl), 1 < i < n, 1 L j L m. 

All these ambiguities are resolvable. 

Proof. It is easy to see that the ambiguities above are the only ones. Let us check that the 
first inclusion ambiguity is resolvable. As usual the symbol means that we perform a 


( 1 ) 

( 2 ) 

( 3 ) 

( 4 ) 
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reduction. We have: 


n n m 

Fn'iEn- ^ Fkivikuii) Fn'{E,,- Y. Fkl{dkl - y^^VrkUrl)) 

k=2,l=l k=2,l=l r=2 

n n m 

-^11 (.^11 ^ ^ Fkk F ^ ^ ^ ^ FklV^k^rl) 

k=2 k=2,l=l r=2 

On the other hand we have: 

m m n 

1 ^ ^ ^ 1 ^ ^ '^11 (.Fkk ^ ^ FirVklUkr) 

k=2 k=2 1=2,r=l 

n n m 

-^11 (-^11 ^ ^ Fkk “ 1 “ ^ ^ ^ ^ FklVj-kU^i) 

k=2 k=2,l=l r=2 

We have used the identity tr(iii) = tr(F). Hence this inclusion ambiguity is resolvable. 
Also it is not difficult to check, using tr(£'“^) = tr(F~^), that the other inclusion ambiguity 
is resolvable. This is left to the reader. Let us check that the first two families of overlap 
ambiguities are resolvable. The resolvability of the other two families will be left to the 
reader. First consider (uinVin,vinUij), I < i < m,l < j < n. We have: 

n—1 n—1 m n—1 m 

^ ^ ^ SiiUij ^ ^ Uik {^kj ^ ^ (1 Sjji^U «+EE 

^=1 k=l 1=2 k=l 1=2 

On the other hand we have: 

m m n—1 

'^ini^nj ^ ^ '^kn'^kj) ^ ^ ^ '^il'^kl^'^kj 

k=2 k=2 1=1 

m n—1 n—1 m 

^nj'^in (1 ^li)'^ij H“ EE '^il'^kl'^kj — ^il'^lj (1 Sjfi)llij + EE '^ik'^lk'^lj • 

k=2 1=1 k=l 1=2 

Hence these ambiguities are resolvable. Let us now study the ambiguities {viiUmi,UmiVmj), 
1 < i < m,l < j < n. We have: 

n 

Fll (Fim ~ E F'kl'^ik'^ml^'^mj 

k=2,l=l 

n m—1 

^ -^11 ^ ^ {F^kl'^iki^mmi^P^ij ^ ^ 

k=2,l=l r=l 

n m—1 

— -^11 EfyiYYii^difYi'^mj (1 ^jl)'^ij “1“ ^ ^ ^ ^ Ej^iE^^ Vik'^rlVrj\ 

k=2^l=l r=l 
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On the other hand we have: 

m—1 

E ^kk '^klVkj) 

k=l 

m—1 n 

PlrVilUkr)')Vkj') 

k=l 1=2,r=l 

m—1 n—l 

— EmmF'w (1 ^ ^ ^ ^ ^kk ^Ir'^il^kr^kj') 

k=l 1=2,r=l 
n m—1 

— -^11 Emmi^^im^mj (1 ^jl^^ij d~ ^ ^ ^ ^ PklE^.^. ViJ^UrlVrj) • 

k=2,l=l r=l 

Hence these ambiguities are resolvable. □ 

Proof of Proposition 2.2. Since our order is compatible with the presentation, and 
since all the ambiguities are resolvable, we can use the diamond lemma |Q]: the reduced 
monomials form a basis of H{E, F), and in particular the monomials in elements of the set 
{uij, 1 < i < m, 1 < j < n} are linearly independent, and hence the elements of this set 
generate a free subalgebra on mn generators. In particular H{E,F) is a non-zero algebra. 
□ 


We can now easily prove the following slightly more general result. 

Proposition 2.4 Let E G GL{m,k) and let F G GL{n,k) (m,n >2). Assume that 
tr(S) = tr(F) and tv{E~^) = tr(F“^). Then H{E,F) is a non-zero algebra. 

Proof. Since we want to prove that H{E,F) is a non-zero algebra, we can assume that 
k is algebraically closed. For matrices P G GL{m,k) and let Q G GL{n,k), the alge¬ 
bras H{E,F) and H{PEP~^,QFQ~^) are isomorphic ([^, Proposition 4.2), thus we can 
assume that the matrices E and F are lower-triangular. Consider G G GL{m, k) a di¬ 
agonal matrix such that tr(G) = tr(£^) = tr(F) and tr(G“^) = tr(£;“^) = tr(F“^). By 
the proof of Proposition 4.3 in |^], there exists an algebra morphism 6 : H{E,F) —>■ 
H{E, G) (8> H{G, F) such that S{uij) = Yl^=i '^ik ® Ukj- Also there exists an algebra mor¬ 
phism (f) : H{E, G) —*• P[{G, E)°P such that 4>{u) = %. Thus we have an algebra morphism 
6' : H{E, F) —:• H{G, £')°p (g) P[{G, F) such that d\uij) = YlT=i ‘^ki ® Ukj- By the proof 
of Proposition 2.2, the elements (%■), (uij) are linearly independent elements of H{G,E) 
and H{G,F) respectively. Hence it is clear that H[E,F) is a non-zero algebra. □ 


Combining Propositions 2.1 and 2.4, we can state the main result of the section, which 
contains part a) of Theorem 1.1. Recall that for q G k*, we put H{q) = H{Fg) where 

Fq = ^ 9 ^ ^)- Note also that if k is algebraically closed, any F G GL{2, k) 

is normalizable. 
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Corollary 2.5 Let F G GL{n,k) (n>2) and assume that k is algebraically closed. 

a) Assume that F is normalizable. Then there exists q & k* such that we have an equiva¬ 
lence of monoidal categories: 

Comod(i/(F)) Comod(/7(g)). 

If F is normalized, we take q as a solution of the equation q^ — tT{F)q + 1 = 0. 

b) Assume that F is not normalizable. Let E G GL{3, k) be any matrix such that tr(£') = 0 

and ^ 0. Then we have an equivalence of monoidal categories: 

Comod(F(F)) Comod{H{E)). 

Proof, a) Let A G fc* be such that tr(AF) = tr((AF)“^), and let q £ k* he a solution of 
q'^ —ti{XF)q-\-l = 0. This equation is equivalent to tr(F“^) = tr(Fg) = q-\-q~^ = tr(AF) = 
tr((AT)“^)). By Proposition 2.4, H{Eq,F) is a non-zero algebra, and we conclude using 
Proposition 2.1. 

b) Since E is not normalizable and since the base field is algebraically closed, we have 
tr(F) = 0 / tr(F“^) or tr(F) / 0 = tr(F“^). Since the Hopf algebras H{F) and H(fF~^) 
are isomorphic (||^, Proposition 3.3), we can assume that tr(F) = h ^ tr(F“^). Since k is 
algebraically closed, there always exists E G GL{3, k) satisfying tr(ii^) = 0 and tr(£'“^) ^ 0, 
and we conclude as in part a). □ 

Recall that the fundamental n-dimensional comodule of H{E) associated to the mul¬ 
tiplicative matrix (uij) is denoted by U. The following result reflects the “freeness” of 
H{E). 

Corollary 2.6 Let E G GL{n,k). The comodules , k gN, are simple non-equivalent 
H{E)-comodules. 

Proof. We can assume that k is algebraically closed. If n = 1 then H{F) is jnst the algebra 
of Laurent polynomials k[z, z~^], so the result is immediate. Assume now that n > 2. First 
assume that F is a diagonal matrix. By Proposition 2.2 the monomials in the elements 
Uij form a linearly independent subset of H{E), and hence the comodules U®^, A: G N, are 
simple non-equivalent Lf(F)-comodules. Now assume that F is a lower-triangular matrix. 
Take F G GL{n,k) a diagonal matrix such that tr(F) = tr(F) and tr(F“^) = tr(F“^). 
The monoidal category equivalence of Proposition 2.1 transforms the Lf(F)-comodule U 
into the F(F)-comodule U (see for the construction). Hence we conclude by 

the diagonal case. This finishes the proof since the Hopf algebras H{PFP~^) and H{F) 
are isomorphic for P G GL{m,k) ((§]). □ 

Corollary 2.7 Let E G GL{n,k) be a non-normalizable matrix. Then the Hopf algebra 
H{E) is not cosemisimple. 

Proof. By the preceding corollary F is a simple Lf(F)-comodule. We can assume that k is 
algebraically closed. If H{F) was cosemisimple, and since *F ^ is an intertwiner between 
Lf and U** (see the Proof of Theorem 3.2 in Q), then we would have by (|[T^, Proposition 
15, chapter 11, or the original reference jl^ ) tr(F) / 0 and tr(F ^) / 0, which would 
contradict our assumption. □ 
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3 The algebra H{q) 

This section is devoted to the construction of an algebra embedding of H{q) = H{Fq) into 
k[z,z~^] * 0{SLq{2)). This embedding will be used later to study the corepresentation 
theory of H(q). 

Let q & k*. The algebra H{q) has 8 generators. We put a = un, (3 = ui 2 , 7 = U 21 , 
^ = U 22 , a* = fii, /3* = V 12 , 7 * = i’ 2 i, = V 22 - Let us rewrite the presentation of H{q): 
it is the universal algebra with generators a, /3, 7 , 6 , a*, f3*, 7 *, S* and satisfying the 
relations: 

I3l3* = 1 — aa* ' a*a = 1 — q^l3*(3 ' a*a = 1 — 7*7 ' 77 * = q^{l — aa*) 

(3S* = —a 7 * a *7 = —q‘^(3*6 a* (3 = — 7*8 jS* = —q‘^a(3* 

5(3* = — 7 a* 7 * a = —q^5* (3 (3* a = — 6*7 67 * = —q^(3a* 

_ 55* = I- 77 * 7*7 = q\l - 5*5) (3* (3 = 1 - 5*5 55* = I - q^(3(3* 

Note that the fourth relation of the first family and that the first relation of the second 
family are redundant. We have left these redundant relations in order to use the results of 
Section 2, where some redundant relations were also present. 

We define now an algebra extension of H{q), which will be denoted by H'^(q). This 
algebra will be shown to be isomorphic with k[z,z~^] * 0{SLq{2)). 

Definition 3.1 The algebra H~^{q) is the universal algebra with generators a, (3, 7 , 5, a*, 
(3*, 7 *, 5*, t, t~^, and satisfying the relations of H{q) and: 

tt~^ = 1 = t~^t ; t~^a = 5*t ; t~^P = —q~^ 7 *t ; t ~^7 = —q(3*t ; t~^5 = a*t. 

There is an obvious algebra morphism H(q) —> H~^{q). 

Lemma 3.2 The natural algebra morphism H{q) — > H^{q) is injective. 

Proof. We will use again the diamond lemma, since we have not been able to find a more 
direct way to prove our lemma. First we order the set {a, / 3 , 7 , 5 ,a*, P*, 7 *,5*,t,t~^} in 
the following way: 

5* < 7 * < P* < a* < a < P < 7 < 5 < t~^ < t. 

Two monomials of different length are ordered according to their length and two monomials 
of equal length are ordered lexicographically according to the above order. In order to 
resolve some ambiguities, let us rewrite the presentation of H'^(q): H^{q) is the universal 
algebra with generators a, P, 7 , <5, a*, P*, 7 *, <5*, t, t~^, and satisfying the relations of 
H{q) and 

tt~^ = t~^t ; t~^t = 1 ; t~^a = 5*t ; t5* = at~^ ; t~^P = —q~^ 7 *t ; fy* = —qPt~^ ; 
f “^7 = —qP*t ; tp* = —q~^7t~^ ; t~^5 = a*t ; ta* = 5t~^. 
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It is clear the order just defined is compatible with this presentation. There are the 
ambiguities of Lemma 2.3, which were shown to be resolvable there, there are no other 
inclusion ambiguities and the following overlap ambiguities: 


{tt ^a) ; {tt ^f3) 

; 

(ri/3,/3/3*) ; 

(rS,77*) ; 

; {t-^5,66*) ; 

{ta*,a*a) ; {ta*,a*'y) ; 


; {tt S) ; {tt ^,t ^5) 
{t~^t,tp*) ; {t~^t,ta*) ; 

{tl*,l*Oi) ; (t7*,7*7) ; 

{tp\p*a) ■ {tp*,P*P) ; 

{t-^6,6Y) ; {t-^6,6d*) ; 

{to*,a* a) ; {ta*,a*P). 


These ambiguities are easily seen to be resolvable: this is left to the reader. Hence by the 
diamond lemma the reduced monomials form a basis of H~^{q). It is clear that the reduced 
monomials of H{q) (for the reductions of Section 2) are still reduced monomials in H~^{q), 
and hence the images nnder H{q) H'^{q) of the elements of a basis of H{q) are still 
linealy independant elements, which proves that our algebra map is injective. □ 


Recall that 0{SLq{2)) is the universal algebra with generators a,b,c,d and relations 

ba = qab ; ca = qac ; db = qbd ; dc = qcd ; cb = be = q{ad — 1) ;da = qbc + 1. 

The algebra just defined is 0{SLq-i{2)) in |^]. Our convention does not change the 
resulting Hopf algebra, up to isomorphism. Now consider the free product k[z,z~^] * 
0{SLg{2)), that is the coproduct of k[z,z~^] and of 0{SLq{2)) in the category of unital 
algebras. We have the following result: 

Lemma 3.3 There exists a unique algebra isomorphism tt : H^{q) —> k[z, z~^\*0{SLq{2)) 
such that 

Tt{a) = za, tt{P) = zb, 7r{^) = zc, TT{d) = zd, TT{a*) = dz~^, k{P*) = —q~^cz~^, 
7f(7*) = —qbz~^, 7 t{6*) = az~^, 7f(t) = z, = z~^. 


Proof. It is a direct verification to check the existence of the algebra morphism ff. Let us 
construct an inverse isomorphism. First there is an algebra morphism pi : k[z,z~^] —> 
H'^{q) de fin ed by pi{z) = t. It is also a direct verification to check the existence of an 
algebra morphism p 2 : 0{SLq{2)) —*• H~^{q) such that 

P 2 {a) = t~^a = 5*t, p 2 {b) = t~^P = -q~^j*t, p 2 {c) = = -qP*t, p 2 {d) = t~^5 = a*t. 

Using the universal property of the free product, we have a unique algebra morphism 
p : k[z,z~^] * 0{SLq{2)) —> H'^{q) extending pi and p 2 - It is straightforward to check 
that TT and p are mutually inverse isomorphisms. □ 


We arrive at the main result of the section. 
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Proposition 3.4 There exists an injective algebra morphism vr : H{q) —> k[z,z * 
0{SLg{2)) such that 

7 r(a) = za , vr(/3) = zb , n^'y) = zc , 7r((5) = zd , 

Tr{a*) = dz~^, = —Q~^cz~^,7r{'y*) = —qbz~^, 7T{d*) = az~^. 

Proof. The algebra morphism announced is just the composition of the injective algebra 
morphisms of Lemmas 3.2 and 3.3, so is itself injective □ 


4 Cosemisimplicity of H{q) 

In this section, where k is assumed to be an algebraically closed field of characteristic zero, 
we show that H{q) is cosemisimple if and only if q is generic. 

First let us recall that if A and B are Hopf algebras, their free product may be endowed 
with a natnral Hopf algebra structnre, induced by the Hopf algebras structures of A and B. 
For example k[z, z~^] * 0{SLq{2)) is a Hopf algebra, and by a straightforward verification, 
we have the following result. 

Proposition 4.1 The injective algebra morphism vr ; H{q) —> k[z,z~^] * 0{SLq{2)) is a 
Hopf algebra morphism. □ 


Wang 1171 has studied free products of Hopf algebras at the compact quantum group 
level. His results may be adapted to arbitrary cosemisimple Hopf algebras without diffi¬ 
culties. Let us recall the main results. In the following A and B denote cosemisimple Hopf 
algebras. 

• The Hopf algebra A* B is still cosemisimple. This may be shown as follows. Consider 
the Haar functionals (see e.g. jl^) Ha and hs on A and B respectively, and form their 
free product hA*hB as in |j|]. Proposition 1.1. Then Ha* hs is a Haar functional on A* B 
(see |F7|, Theorem 3.8) and thus A* B is a cosemisimple Hopf algebra 

• An A * H-comodule is said to be a simple alternated A * H-comodule if it has the form 


Pi (8) 


Vm where each p is a simple non-trivial A-comodule or H-comodule, and if 


Vi is an A-comodule, then p+i is a H-comodule, and conversely. A simple alternated 
A * H-comodule is a simple A * H-comodule, and every non-trivial simple A * H-comodule 
is isomorphic with a simple alternated A * H-comodule (see [L7|, Theorem 3.10). 


• Let V and W be simple alternated A * H-comodules. Assume that V ends by an A- 
comodule and that W begins by a H-comodule. Then V is decomposed into a direct 
sum of simple alternated comodules according to the decomposition of tensor products of 
A-comodules. The same thing holds for B. 


We will use these results to prove the following fact. 


Proposition 4.2 Let q G k*. Then H{q) is cosemisimple if and only if q is generic. 
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Proof. We will use the following well-known fact. Let ^4 C S be a Hopf algebra inclnsion. 
Then an 74-comodule is semisimple if and only if it is semisimple as a B-comodule. In 
particular if B is cosemisimple, so is A. First assume that q is generic. Then it is well-known 
that 0{SLq{2)) is cosemisimple (see e.g. [|l^]), and since k[z,z~^\ is also cosemisimple, we 
have that k[z,z~^] * 0{SLq{2)) is cosemisimple, and so is H{q) by Proposition 4.1. 

Let us now assume that g is a root of unity of order N > 3. We will construct a non 
semisimple Ff(g)-comodule. Put Nq = N/2 if N is even and A^o = -^ if is odd. Let Vi be 
the fundamental two-dimensional C)(SLq(2))-comodule. One can deduce from the results 
of |[TI[] that is not a semisimple C)(SLq(2))-comodule. For i G Z we denote by Z* 

the one-dimensional comodule associated to the group-like element z® of k[z,z~^]. Using 
TT, we view H{q) as a Hopf subalgebra of k[z,z~^] * 0{SLq{2)) and by the construction 
of TT, Z 0 Li and Li 0 Z~^ are Ff(g)-comodules. Then = Ui 0 Z~^ 0 Z 0 Li is an 
iL(g)-comodule. Assume that A^o is even: A^o = 2/c. Then jg an H{q)- 

comodule. Since is not a semisimple C)(SLg(2))-comodule, it is not a semisimple 

k[z,z~^] * (!l(5Lq(2))-comodule, and so is not a semisimple iL(g)-comodule. Assume now 
that Nq is odd: Nq = 2k -\- 1. We have seen that y®"^^ is an Ff(g)-comodule, and hence 
Z 0 = Z 0 Ui 0 jg H'(g)-comodule. If Z 0 was a semisimple 

iL(g)-comodule, it would be a semisimple k[z^z~~^] * 0(SLq(2))-comodule, and y®^° = 
Z~^ 0 Z 0 y®^o would be a semisimple k[z,z~^] * C)(SLq(2))-comodule, and hence a 
semisimple 0(5Lg(2))-comodule. Thus Z 0 is not a semisimple H{q)-comodule: 

this concludes our proof. □ 

Proposition 4.2, combined with part a) of Theorem 1.1, proves part b) of Theorem 1.1. 


5 Corepresentations of H{q), q generic 

In this section k is still an algebraically closed field of characteristic zero, and q € k* is 
generic. We describe the simple i/(g)-comodules and their fusion rules, thereby completing 
the proof of Theorem 1.1. 

Let us begin with some preliminaries. We consider the monoid N * N, the free product 
(=coproduct) of two copies of the monoid N. Equivalently N * N is the free monoid on 
two generators a and (3 (this should not cause any confusion with the elements a and (3 of 
H{q)). There is a unique antimultiplicative morphism “ : N * N —> N * N such that e = e, 
d = (3 and (3 = a {e denotes the unit element of N*N). Let A:[N*N] be the monoid algebra 
of N * N : k[N * N] is also the free algebra on two generators. Banica ||^ has introduced a 
new product O on fc[N * N]. The following lemma is Lemma 3 in 1^, where the proof can 
be found. 

Lemma 5.1 Consider the map 0:N*NxN*N — > A:[N * N] defined hy 

xQy = E ab , x, y G N * N , 

x=ag,y=gb 

and extend 0 to /c[N * N] by bilinearity. Then (A:[N * N],-|-, 0) is an associative k-algebra, 
with e as unit element. Furthermore {k[N * N],-l-,0) is still the free algebra on two 
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generators: if B is any algebra and u,v € B, there exists a unique algebra morphism 
: (fc[N * N], +, 0) —> B such that V’(«) = u and V’(/5) = v. □ 

We will need some character theory. Let A be a Hopf algebra and let F be a finite¬ 
dimensional ^-comodule with corresponding coalgebra map '■ V* ®V —> A. Recall 
(see e.g. ||T^) that the character of V is defined to be xv •= If V and W are 

finite-dimensional ^-comodules, then x(V ®W) = x(R) + x(IR), x(R 0lR) = 
and R ^ W ^ x{y) = x(W). 

Recall 0,0 that 0{SLq{2)) is cosemisimple and has a complete family of simple 
comodules (V'i)igN, with Vq = k and dim(R) = f -t- 1, for i G N, and 

R 0 R ^ Ri 0 R ^ R_i © R+i, for i G NL 

As in the preceding section, for z G Z, we denote by Z* the one-dimensional comodule 
corresponding to the element R of k[z,z~^]. We identify H{q) with a Hopf subalgebra 
of k[z,z~^] * 0{SLq{2)), via the morphism vr of Propositions 3.4 and 4.1. Under this 
identification, the canonical two-dimensional comodules U and V ol H(q) (see the notation 
in Section 1) correspond to the simple alternated comodules Z 0 Ri and Ri 0 Z~^. 

Proposition 5.2 There exists a unique algebra morphism ip : (A:[N * N],-|-,0) —> H{q) 
such that ip{a) = x(Z 0 Ri) and ip{P) = x(I^i ® Z~^). Moreover for all x *N, ip{x) is 
the character of a simple H{q)-comodule. 

The first assertion is a direct consequence of Lemma 5.1. To prove the second one, we 
need a couple of lemmas. 

Lemma 5.3 For all n G N, we have: 

iP{{al3r) = x{Z®V2n(^Z-^) ; p,{{f3aT) = xiV^n) ; 

ip{{af3)'^a) = x{Z 0 R 2 n-ri) ; ip{{Pa)'^P) = x(R2n-ri 0 Z~^). 

Proof. We prove the lemma by induction on n. For n = 0, the result is clear. Now assume 
that the lemma has been proved for n > 0. We have {a/3)^a Q P = (q;/?)”'^^ -|- (o/S)"', and 
so 


iPHaPr^^) = iP{{aPTa)iP{P) - iP{{aPT) 

= x(Z 0 R 2 n+i)x(I^i 0 Z~^) - x{Z 0 R2n 0 Z~^) (by induction) 

= x{Z 0 R2n 0 Z-^) + xiZ 0 R2n+2 0 - x(Z 0 R2n 0 Z”^) 

= x (^0 1 ^ 2 ©-^!) 0 ^“^)- 

Using (/3a)"'/3 0 a = (/3a)"’''^ -|- (/3a)", one shows in the same way that ip{{Pa)^~^^) = 
x(R 2 (n-i-i))- We have (a/3)"'''^ 0 a = (a/3)""'“^a -|- (a/3)"a, and hence 

ip{{aP)'^~^^a) = ip{{aP)^~^^)ip{a) — 'i//((a/3)"a). 
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We have already shown that = x(Z (g) V 2 (n+i) ® Z ^), and by induction 

Tp{{aP)"'a) = x{Z 0 V 2 n+i), so we have: 

^((a/3r+^a) = x(Z 0 F2n+2 0 0-^000 W) - x(0 ® Van+i) 

= X(0 <0 V2n+l) + X{0 0 V2n+3) “ X{0 ® V2n+l) = X{0 0 V^2(n+l)+l)- 

One shows in a similar manner that P) = x(^ 2 (n+i)+i 0~^): this concludes 

the proof. □ 

Lemma 5.4 Let x G N * N. Then: 

• il){xa) = y;(W (g) Fj), for some i € N*, where X = k or X is a simple alternated comodule 
ending by 0 or 0~^ . 

• 'i(j{ax) = x{0 0 0), where X is a simple alternated comodule beginning by some Vi, 
i G N*. 

• ipixP) = x{0^ 0~^)> where X is a simple alternated comodule ending by some Vi, 

i G N*. 

• p{Px) = x(Vi g) W), for some i G N*, where X = k or X is a simple alternated comodule 
beginning by 0 or Z~^. 

Proof. We first prove the lemma for elements x as in Lemma 5.3. Let x = {aP)^. Then 
using Lemma 5.3, we have 

p{xa) = p{{aP)'^a) = x{0 0 P 2 n+i) , 

p{ax) = 'p{a{aP)^) = 'p{a © (aP)^)) = ‘ip{a)p{{aP)^) = 

x{0 0 Vl)x(^ g> V 2 n 0 0~^) = x{0 0Vi0 0 0 V 2 n 0 0~^) , 

PixP) = p{{aPTP) = x{Z 0 V2n 0 ^■^)x(Vi © Z-^) = x{Z © V2n 0 Z-^ © Vi © Z~^) , 
PiPx) = PiPiaPT) = PUPaTP) = x{V2n+i 0 ©"') • 

Similar computations show that the lemma is true for x = (Pa)"', x = {aP)'^a ox x = 
{paYP. 

We now prove the lemma for an arbitrary element x G N * N using an induction on the 
length n of X. If n = 0, the result is obviously true. Let us assume that the lemma has 
been proved for elements of length < n (n > 0), and let x be an element of length n + 1. 
If X is one of the elements of Lemma 5.3, the result has already been proved so we can 
assume that x = ya^z or that x = yP‘^z. For example assume that x = ya^z. We have 

P{xq) = p{ya^za) = p{ya 0 aza) = 'p{ya)'p{aza). 

By induction, we have 'p{ya) = W © P* for i G N* and X = /c or X is a simple alternated 
k[z,z~^] * 0(S'Lg(2))-comodule ending by Z or Z~^. Also by induction p{aza) = x(© © 
Y 0 Vj) for j G N*, and Y = A: or T is a simple alternated comodule ending by Z or 
Z~^ and beginning by some 14, k G N*. So finally 'p{xa) = x(X 0Vi0Z0Y 0 Vj) and 
X©Vi©©©F is a simple alternated comodule ending by Z or Z~^. We also have 

p{ax) = p{aya^z) = p{aya © za) = p{aya)p{az). 
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By induction we have 'il){aya) = x{.'^ ® X ® Vi), i e N*, and X = A: or X is a simple 
alternated comodule beginning by some Vj, j G N* and ending by Z or Z~^ . Also ijjlaz) = 
x{Z 0 Y) where X is a simple alternated comodule beginning by some 14, k G N*. Hence 
iplax) = x{Z ® X ®Vi ^ Z ®Y), where X0l/j0Z0yisa simple alternated comodule 
beginning by some Vj-, j G N*. Let us now compute ip{xf5): 

ipixP) = 'il:{ya^zP) = '^{ya 0 azP) = 'il){ya)'p{azP). 

By induction 'p{ya) = x(X0Vi) where X = A: or X is a simple alternated comodule ending 
by Z or Z~^ . Also il^{azP) = x(Z 0X0 Z~^) where X is a simple alternated comodule 
beginning by some Vj and ending by some Vk, j, A: G N*. So tpixP) = x(X ®Vi® Z ®Y 0 
Z~^), where X0Vi0X0Xisa simple alternated comodule ending by some Vk, k & N*. 
Let us hnally compute il){Px)-. 

'ipiPx) = p{Pya^z) = '4>{Pya © az) = 'p{Pya)'ijj{az). 

By induction p{Pya) = x(Xj ® X ®Vj) for i,j G N*, and X is a simple alternated 
comodule beginning by Z or Z~^ and ending by Z or Z~^. Also 'ijj{az) = x{Z ® 
where X is an alternated simple comodule beginning by some Vk, k € N*. So tpiPx) = 
xiVi ® X ®Vj ® Z ®Y) where X0V^'0Z0Xisa simple alternated comodule beginning 
by Z or Z~^. Very similar computations prove the result for x = yP‘^z, and conclude the 
proof of Lemma 5.4. □ 

Proposition 5.2 is a direct consequence of Lemma 5.4. □ 


We can now easily list the simple iL(g)-comodules, and describe their fusion rules. For 
X G N * N, let Ux be a simple iL(g)-comodule such that x(Ux) = Pix). We have t4 = k, 
Ua = U and Up = V, for the notations of the introduction. We have 

x{UxZ)Uy) = x{Ux)x{Uy) = Pix)p{y) = if^ix Qy) = i>{ ^ ab) = x{ 0 Uab), 

x=a-9,y=9^ x=ag,y=gb 


and hence 

Ux ®Uy = Uab ■ 

x=ag,y=gb 

By Lemma 5.4 we have Ux = k if and only if x = e, and using the last formula, we see 
that Hom(A:, Ux 0 Uy) 7 ^ (0) if and only if y = x. This implies that U* = Ux and that 
Ux = Uy if and only if x = y. Thus we have a family of simple FA(g')-comodules {Ux)xeN*¥i 
whose coefficients generate A as an algebra, containing the trivial comodule and stable 
under tensor products: using e.g. the orthogonality relations |W| we conclude that any 
simple iL(y)-comodule is isomorphic with a comodule Ux- 


The preceding discussion concludes the proof of Theorem 1.1: there just remain to be 
said that the monoidal category equivalence Comod(FA(X)) =® Comod(FA(y)) transforms 
the fundamental n-dimensional comodules U and V of H{F) into the fundamental 2- 
dimensional comodules U and V of H{q). 


Lemma 5.1, Proposition 5.2 and Theorem 1.1 combined together also yield the descrip¬ 
tion of the Grothendieck Xo-ring of the category Comodf(FA(F)). 
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Corollary 5.5 Let F G GL{n,k) (n > 2) be a generic matrix. Then we have a ring 
isomorphism 

Ko{Comod{{H{F)) ^ Z{X,Y} . 


6 Some applications 

We use Theorem 1.1 to prove a few structural results concerning the Hopf algebras H{F), 
for generic matrices. Again k is an algebraically closed held of characteristic zero. 

Let us begin with the isomorphic classihcation. For universal compact quantum groups, 
this was done by Wang [|^]. Since we use the same type of arguments, we will be a little 
concise. 

Proposition 6.1 Let E £ GL{m,k), F £ GL{n,k) (m,n >2) be generic matrices. The 
Hopf algebras H{E) and H{F) are isomorphic if and only if one of the two conditions hold, 
i) m = n and there exists P £ GL{n, k) such that E = EPEP~^. 
a) m = n and there exists P £ GL{n, k) such that ^ = ■EPEP~^. 

Proof. Let / : H{E) —> H{P) be a Hopf algebra isomorphism, and denote by /* : 
Comod{H{E)) —> Comod(Lf(F)) the functor induced by /. By U and V are the 
simple Ff(Fi)-comodules (resp. iL(F)-comodules) with the strictly smallest dimension, 
and hence we have f*{U) = U or f*{U) = V. If f*{U) = U, then m = n and there 
exists P £ GL{n, k) such that f{u) = ^PvfP ^ and necessarily f{v) = P~^vP. Since / is 
well-dehned and since U is simple, it is easy to check that F = dzPEP~^. If f^{U) = V, 
then m = n and there exists P £ GL{n,k) such that f{u) = ^Pv^P ^ and necessarily 
f{v) = P~^^F ^v^FP. Since / is well-dehned and since U and V are simple, it is easy to 
check that = ±PEP-^. 

Conversely, if F = ±PEP~^, it is easy to check that there exists a Hopf algebra 
isomorphism / : H{E) —> H{F) such that f{u) = ^PvfP ^ and f{v) = P~^vP. if 
^ it is easy to check that there exists a Hopf algebra isomorphism / : 

H{E) —. H{F) such that f{u) = and f{v) = p-^^F~^u^FP. □ 

Let us now compute the automorphism group of the Hopf algebra H{F). Let F £ 
GL{n,k). Put 

Xo{F) = {K £ GL{n,k) \ KFR-^ = F} , Y{F) = {K £ GL{n,k) \ KFR-^ = 

and X{F) = Xo{F)/k*. Then X{F) is a group. For G N U {oo}, the cyclic group of 
order N is denoted by Cat. 

Proposition 6.2 Let F £ GL{n,k) (n >2) be a generic matrix. 

a) Assume that Y{F) = 0. Then X{F) = AutHopf(-ff(F)). 

b) Assume thatY{F) ^ 0. Let R £ Y{F), and put N = min{p G NU{oo} | {F~^^R ^RY £ 
k*}. Then we have an exact sequence of groups 

I^Gn^ X{F) X C2n AntnoAH{F)) 1 
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In particular, if there exists K £ GL{n, k) such that F = ^K , then K £ Y{F), we can 
take = 1 and we have an isomorphism X{F) x 6*2 = AutHopf(-ff(A")). 

Proof. Let K £ Xq{F). Then there exists a Hopf algebra automorphism of H{F) 
such that 4ik{u) = ^KvfK ^ and 4>k{v) = K~^vK. This gives a group morphism (f : 
X{F) —> AutHopf(-f^(-P")); injective since the comodule U is simple. Now consider / £ 
AutHopfThen by the proof of Proposition 6.1, either there exists K £ Xq{F) 
(recall that tr(F) ^ 0 since F is generic) such that f{u) = ^KufK , either there exists 
K £ Y{F) such that f{u) = ^Kv^K~^. If Y{F) = 0, then f = 4 >k and the morphism (p 
is an isomorphism. Assume now that Y{F) / 0 and let K £ Y{F). Then there exists 
ipK £ Xutuopi{H{F)) such that iPk{u) = ^Kv^K ^ and iPk{v) = K~^^F ^vf'FK. Let 
/ £ AutHopf(-f^(-^)). Then by the proof of Proposition 6.1 there exists K £ Xq{F) such 
that / = (pK or there exists M £ Y{F) such that / = ^pM■ We have ipM = ° 

ipK, and thus G = p{X{F)){ipK)■ For M,L e Y{F), we have ^pM o V’L = 
hence \{'iPk)\ = 21V- Also {’px) n p{X{F)) = and \{'Pk) n p{X{F))\ = N. 

We have ipK ° (pL ° '4 ’k^ = hence p{X{F)) is a normal subgroup of 

AutHopf(Ff(-F)). We can now use a well-know result in group theory: if G is a group with 
two subgroups H and K such that G = HK, such that H is normal in G and such that 
H n K IS abelian, then we have a group exact sequence 

1 —> HnK —> H y\ K — >G —^1. 

The last assertion is immediate. □ 


7 Quantum automorphism groups of matrix algebras 


In his paper [|18| ], Wang described the quantum automorphism group of a finite-dimensional 
G*-algebra endowed with a trace, the term quantum automorphism group (or quantum 
symmetry group) being understood in the sense of Manin il- We refer the reader to [|l^] 
or 1 1^1 for these ideas. The representation theory of such quantum automorphism groups 
was described by Banica [Q in the case of good traces, and is similar to the one of 50(3). 

In we proposed a natural categorical generalization of Wang’s construction, yield¬ 
ing in particular an algebraic analogue of the quantum automorphism group of a finite¬ 
dimensional measured algebra. We will see that in the case of a measnred matrix algebra 
with a non-necessarily tracial measure, the results of the present paper enable us to de¬ 
scribe the representation theory of such a quantum group, reducing the computations to 
the case of the quantum 50(3)-group. 


Recall m that a measured algebra is a pair (Z, p) where Z is an algebra and p : Z —> k 
is a linear map such that the bilinear form Z x Z —> k, (a, b) i—> p{ab), is non-degenerate. 
We will only be concerned here by the example (M„(fc), trp) where F £ GL{n, k) and tr^ = 
tr(*F ^—). The quantum automorphism groups of {Mn{k), tip), denoted Aaut{Mn{k), tip), 
may be described as follows (see ||l^ for details). As an algebra Aaut{Mn{k), tip) is the 
universal algebra with generators X^j, 1 < i,j,k,l < n, and satisfying the relations (1 < 


16 



i,j,k,l,r,s < n): 

= 6,kXt[ ; Y.Ft,X^Xfi = FirXg ; = Fr.\ 

t t,p t t,p 

It has a natural Hopf algebra structure given by 

A{X^I) = X- 0 X’^i ; EiX^j) = 6,k6ji ; S{X^j) = FjrF-^X2 ,1 < i, j, k, I < n. 

r,s r,s 

Let E G GL{m,k) and F £ GL{n,k). Let us define the algebra Ais{Mm{k),tTE; Mn{k),tTF) 
to be the universal algebra with generators Xkj^ 1 < r, j < rn, 1 < /c, Z < n, and satisfying 
the relations: 

m 

Y1 Ki^tl = ^jkX^i , I <i,j,k,l <n , l<r,s<m; 
t=l 
n 

^ FtpX]^iX2 = EirXg , I <i,j <n , 1 < k,l,r, s < m ] 

t,p=l 

n m 

Y,Xlj = d,, , l<i,j<m ; = ’ l<i,j<n. 

t=l tyP=^ 

Lemma 7.1 Let E G GL{m,k) and let F G GL{n,k) (m,n >2) with tr{E) = tr(F) and 
tr{E~^) = tr(F“^). Then Ais{Mm{k), ir e] Mn{k),i^F) is a non-zero algebra. 

Proof. It is straightforward to check that there exists a unique algebra morphism (.p : 
Ais{XIm{k),t^E]Mn{k),t^F) —> H{E,F) such that T{X^j) = UikVji for 1 < i,j < n, 

1 < k,l < m. The elements UikVji are non-zero elements of H(E,F) by Section 2, and 
hence Ais{Mm{k),t^E', Mn{k),t^F) is a non-zero algebra. □ 

We arrive at the main result of the section: 

Theorem 7.2 Let E G GL{m, k) and let E G GL{n, k) (m, n > 2) with tr(£') = tr(T) and 
tr{E~^) = tr(F“^). Then the comodule categories over Aaut{Mm{k),t^E) and Aaut{XIn{k),i^F) 
are monoidally equivalent. In particular, if tv{F) = ti{E~^) and if there exists q £ k* 
such that (p — iT{F)q -|- 1 = 0, then the comodule categories over Aaut{Mn{k), tip) and 
0 (S0gi/2(3)) are monoidally equivalent. 

Proof. Let us show that 

{Aaut {Mra{k), tl^;), Aaut tr^), {Mm{k), tr£;; Mn{k), tip), Ais{M„{k), tr^; Mm{k), tTp)) 

is a Hopf-Galois system ||^. First by Lemma 7.1 all these algebras are non-zero. Let 
G £ GL{p,k). It is a direct computation to check that there exists a unique algebra 
morphism 

^E,F ■ A^siM^{k),tTE; M2k),tTF) —^ Ais{Mm{k),tvE] Mp{k),ira)® Ais{Mp{k),tvG] M2k),irF) 
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such that 5^ p{Xfj) = Ylrs^ij ® ^rs- there exists a unique algebra morphism 

(/) : Ais{Mn{k),tT:F]M^{k),trE) —> As{M^{k),trE] Mn{k),tT^F)°^ such that = 

g FjiE~i^Xll. With these structural morphisms, it is immediate to check that we indeed 
have a Hopf-Galois system. Hence using Corollary 1.4 of |p, we have our monoidal category 
equivalence. Now assume that tr(F) = tr(F“^) and that there exists q ^ k* such that 
— tic{F)q + 1 = 0. Put tr^ = tr^?^. Then we have an equivalence of monoidal categories: 

Aaut{Mnik),t^F) Aaut{M2{k)A^q)- 

Finally it may be shown that Aaut{Al 2 {k),t^q) and 0(50^1/2(3)) are isomorphic. One 
considers first the Hopf algebra morphism Aaut{M2{k),t"^q) — C>{SLq{2)) obtained using 
the adjoint corepresentation of the canonical two-dimensional 0(5Lg(2))-comodule. This 
Hopf algebra morphism is injective, and using |^], we arrive at the desired conclusion. □ 
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